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Abstract

The goal of this note is to answer a question by Mordeson, Bhutani
and Rosenfeld [4]. It leads to an interesting characterization of finite
cyclic groups by using the fuzzy orders of their elements relative to
fuzzy subgroups.
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1 Introduction

A basic concept of fuzzy group theory is the fuzzy order of an element of a
group relative to a fuzzy subgroup. It generalizes the classical order of an
element and has been introduced in 1994 by Kim [2]. The most important
results regarding this notion have been obtained in the particular case of finite
cyclic groups. One of them is Theorem 1.7.3 of [4], that can be reformulated
in the following manner.

Theorem 1. Let G be a finite cyclic group. Then, for every fuzzy subgroup
µ of G, we have

(∗) FOµ(x) | FOµ(y) =⇒ µ(x) ≥ µ(y),∀ x, y ∈ G.
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Notice that the conclusion of Theorem 1 does not hold if the group G
is not cyclic, as shows Example 1.7.4 of the same work. The starting point
for our discussion is given by the open question in the end of Section 1.7
of [4], which asks to characterize the finite groups G satisfying the above
implication (∗). Our main theorem is the following.

Theorem 2. Let G be a finite group such that, for every fuzzy subgroup µ
of G, we have

FOµ(x) | FOµ(y) =⇒ µ(x) ≥ µ(y),∀ x, y ∈ G.

Then G is cyclic.

In this way, a new characterization of the finite cyclic groups is obtained.

Corollary 3. A finite group G is cyclic if and only if the implication (∗)
holds for every fuzzy subgroup µ of G.

Most of our notation is standard and will usually not be repeated here.
Elementary concepts and results on group theory can be found in [1]. We
will recall only some basic fuzzy group theory notions, according to [4].

Let (G, ·, e) be a group (e denotes the identity of G) and µ : G → [0, 1]
be a fuzzy subset of G. We say that µ is a fuzzy subgroup of G if it satisfies
the following two conditions:

a) µ(xy) ≥ min{µ(x), µ(y)}, for all x, y ∈ G;

b) µ(x−1) ≥ µ(x), for any x ∈ G.

In this situation we have µ(x−1) = µ(x), for any x ∈ G, and µ(e)= sup µ(G).
For each α∈[0, 1], we define the level subset

µGα = {x ∈ G | µ(x) ≥ α}.

These subsets allow us to characterize the fuzzy subgroups of G, as follows:
µ is a fuzzy subgroup of G if and only if its level subsets are subgroups in G.
The collection of all fuzzy subgroups of G is a lattice with respect to fuzzy set
inclusion, called the fuzzy subgroup lattice of G and usually denoted by FL(G)
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(note that, for a finite group G, the distributivity of FL(G) is equivalent with
the cyclicity of G, as it is shown in [5]).

Let µ ∈ FL(G) and x ∈ G. If there exists n ∈ N∗ such that µ(xn) = µ(e),
then x is said to be of finite fuzzy order with respect to µ and the least such
positive integer n is called the fuzzy order of x with respect to µ and written
as FOµ(x). If no such n exists, x is said to be of infinite fuzzy order with
respect to µ. Clearly, in a finite group G all elements have finite fuzzy orders
relative to any fuzzy subgroup of G.

Finally, we establish a connection between the concept of fuzzy order of
x ∈ G with respect to µ ∈ FL(G) and the group-theoretical concept of order
of x relative to a certain subgroup of G.

Remark 4. Under the above hypotheses, the following equality holds

FOµ(x) = oH(x),

where H = {a ∈ G | µ(a) = µ(e)} ≤ G and oH(x) denotes the order of x
relative to H (i.e. the smallest positive integer n such that xn ∈ H, if there
exists such a positive integer). In particular, if H is the trivial subgroup {e}
of G, then

FOµ(x) = o(x),

the (classical) order of x in G.

2 Proof of Theorem 2

Let G be a finite group such that the implication (∗) holds for every µ ∈
FL(G), and assume that G is not cyclic. Then G possesses two distinct
cyclic subgroups 〈x〉 and 〈y〉 of the same order (in fact G possesses at least
three distinct cyclic subgroups of the same order, as shows a well-known
Miller’s result – see [3]).

Define the fuzzy subset µ : G −→ [0, 1] by

µ(a) =





1, a = e

1

2
, a ∈ 〈y〉 \ {e}

0, a ∈ G \ 〈y〉

, ∀ a ∈ G.
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Then all corresponding level subsets

µG1 = {e}, µG 1
2

= 〈y〉 and µG0 = G

are subgroups of G, that is µ is a fuzzy subgroup of G.

On the other hand, by Remark 4 one obtains

FOµ(x) = o(x) = o(y) = FOµ(y) and therefore FOµ(x) | FOµ(y),

but

µ(x) = 0 <
1

2
= µ(y),

contradicting our hypothesis. Hence G is cyclic.

3 Conclusions and further research

The finite cyclic groups constitute one of the most famous classes of finite
groups. A large number of characterizations of these groups is known (see,
for example, [1]). Corollary 3 gives another such characterization, which is
founded on ”fuzzy group ingredients”. It illustrates the powerful connection
between fuzzy group theory and group theory, that is still developed in many
works.

We end this note by indicating an open problem concerning the fuzzy
orders relative to fuzzy subgroups.

Open problem. Let G be a finite group of order n. For every fuzzy subgroup
µ0 of G and every element x0 of G, denote by Lµ0 and Lx0 the families
(FOµ0(x))x∈G and (FOµ(x0))µ∈FL(G), respectively. It is clear that both Lµ0

and Lx0 are posets with respect to divisibility. Moreover, they are contained
in the lattice Ln of all divisors of n. Characterize the finite groups G such
that these posets are sublattices of Ln. What can be said about two fuzzy
subgroups µ and η (respectively about two elements x and y) of a finite group
for which Lµ = Lη (respectively Lx = Ly)?
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